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Abstract. Using the theory of stochastic integration for processes with values 
in a UMD Banach space developed recently by the authors, an Ito formula is 
proved which is applied to prove the existence of strong solutions for a class 
of stochastic evolution equations in UMD Banach spaces. The abstract results 
are applied to prove regularity in space and time of the solutions of the Zakai 
equation. 



1. Introduction 

In this paper we study space-time regularity of strong solutions of the nonau- 
tonomous Zakai equation 



DtU{t, x) = A{t, X, D)U{t, x) + B{x, D)U{t, x)DtW{t), t e [0,T], x e M.'^ 
^^'^^ U{0,x)^uo{x), xeR'^. 
Here 



A{t,x,D) = ^ aij[t,x)DiDj + y^g»(t, x)Di + r{t,x), 

— l i—1 

d 

B{x, £1) = ^ b,{x)D, + c{x). 
1=1 

This equation arises in filtering theory, and has been studied by many authors, of. 
[H [131 ES] and the references therein. It can be written as an abstract stochastic 
evolution equation of the form 

dU{t) ^ A{t)U{t)dt + BU{t) dW{t), t e [0, T], 

^^■^^ t/(0) = uo. 
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Here the linear operators A{t) are closed and densely defined on a suitable Banach 
space E, the operator _B is a generator of a Co-group on E, and is a real-valued 
Brownian motion on some probability space (ri,jF, P). 

In the framework where E is the Hilbert space L^(M''), the autonomous version 
of the problem (|1.2p has been studied for instance by Da Prato, lannelli and Tubaro 
[11] and Da Prato and Zabczyk [IS] , who proved the existence of strong solutions for 
this equation. By applying the results to the Zakai equation (|l.ip and assuming that 
uq e L^(R'^) almost surely, under suitable regularity conditions on the coefficients 
the existence of solutions with paths in 

C([0, T];L^{R'^)) n C((0, T];W^^^{R'^)) 

is established. If uq e M^^'^(M'^) almost surely, then the solution has paths in 
C([0,r];M^2,2(K<i))^ 

In the slightly different setting of a Gelfand triple of separable Hilbert spaces, a 
class of problems including (|1.2p was studied with the same method by Brzezniak, 
Capihski and Flandoli [lOj. For Zakai's equation they obtain solutions in the space 
C([0,T];L2(Kd)) nL2(o,T; W^^^iR'^)) for initial values uq G L^{R'^). 

Using different techniques, Brzezniak [8] studied a class of equations containing 
the autonomous case A(t) = A oi ()1.2|) in the setting of martingale type 2 spaces E. 
For E = L^IW^) with 2 < p < oo and initial values uq taking values almost surely 
in the Besov space Bp 2i^'^)j the existence of solutions for the autonomous Zakai 
equation with paths in L^(0, T; W'^'^iM.'^)) and continuous moments in Bp 2(1^'') was 
obtained. The techniques of [Tl] cannot be extended to the setting of martingale 
type 2 spaces E, since this would require an extension of the Ito formula for the 
duality mapping. Here the problem arises that if E has martingale type 2, then E* 
has martingale type 2 only if E is isomorphic to a Hilbert space (see pT ] 128 ) ). 

The method of [TT] reduces the stochastic problem (|1.2p to a certain deterministic 
problem. Crucial to this approach is the use of Ito's formula for bilinear forms 
on Hilbert spaces. This method has been extended by Acquistapace and Terreni 
[2] to the nonautonomous case using the Kato-Tanabe theory [30l Section 5.3] 
for operators A(t) with time-dependent domains. In this approach, a technical 
difficulty arises due to the fact that in the associated deterministic problem, certain 
operator valued functions are only Holder continuous, whereas the Kato-Tanabe 
theory requires their differentiability. This difficulty is overcome by approximation 
arguments. The authors also note that for the case where the domains V{A(t)) 
do not depend on time, the methods from [llj can be extended using the Tanabe 
theory [30J Section 5.2]. 

In the present paper we will extend the techniques of [llj to UMD spaces E. 
This class of spaces includes LP{M.'^) for p G {l,oo). The extension relies on the 
fact that if _E is a UMD space, then E* is a UMD spaces as well. Using the theory 
of stochastic integration in UMD spaces developed recently in [23] , an Ito formula 
is proved which is subsequently applied to the duality mapping defined on the 
UMD space E x E* , {x,x*) 1— > {x,x*). For the Zakai equation with initial value 
Uq E LP{M.'^) almost surely, where 1 < p < 00, this results in solutions with paths 
belonging to 

C([0, T];LP{m'^)) n C((0, T];W^-P{R'^)). 

If Mo e W'^'P{R'^) almost surely, the solution has paths in C([0,T]; W'^'P{R'^)). For 
initial values in LP{W^) n L°°(M'') (respectively, in W'^'P{W^) D W^^°°{W^)) for some 
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1 < p < oo, the Sobolev embedding theorem then gives solutions with paths in 
C((0,T];Ci'"(R'^)) (respectively, in C([0, T]; Ci'"(R'^))) for all a e (0,1). If uq 
takes its values in a certain interpolation space between iP(R'') and W'^''p{W^), we 
obtain that the solution has paths in 

C([0, T]-LP[W^)) n L«(0, T- ly^^f (R^')), 

for appropriate g G [1, oo). 

Rather than using the Kato-Tanabe theory for operators A{t) with time-depen- 
dent domains, we shall use the more recent Acquistapace-Terreni theory developed 
in [3]. The above-mentioned technical difficulty does not occur then. 

Another approach was taken by Krylov [19] , who developed an L^-theory for a 
very general class of time-dependent parabolic stochastic partial differential equa- 
tions on R*^ by analytic methods. For Zakai's equation with initial conditions Uq in 
the Bessel potential space i/''^^^p'''(R'*), where r e M and 2 < p < oo, solutions 
are obtained with paths in 

LP{{),T-H''+'^'P{M.'^)). 
Further L^'-regularity results for the Zakai equation may be found in [T51 [201 US] ■ 

2. Ito's formula in UMD Banach spaces 

We start with a brief discussion of the L^'-theory of stochastic integration in UMD 
Banach spaces developed recently in [23] . We fix a separable real Hilbert space H 
and a real Banach space E, and denote by C{H, E) the space of all bounded linear 
operators from H to E. 

Let (57, jr, P) be a probability space and let F be a Banach space. An F- valued 
random variable is a strongly measurable mapping on into F. The vector space 
of all -F- valued random variables on SI, identifying random variables if they agree 
almost surely, is denoted by L°(r2;F). We endow L^{^l\F) with the topology 
induced by convergence in probability. 

An F-valued process is a one-parameter family of random variables with values 
in F . Often we identify a process with the induced mapping I x D, ^ F, where 
/ is the index set of the process. In most cases below, I = [0,T]. A process 
$ : [0, T] X — > C{H, E) will be called H -strongly measurable if for all h & H the 
process '^h : [0, T] x F defined by <^h{t, w) := <i>(i, uj)h, is strongly measurable. 

For a separable real Hilbert space 7i, let 7(7Y, F) denote the operator ideal of 
7-radonifying operators in £(W, F). Recall that R G £(7i, F) is j-radonifying 
if for some (equivalently, for each) orthonormal basis {hn)n>i the Gaussian sum 
J2n>i^nRhn converges in L^{fl;E). Here, (7ri)„>i is a sequence of independent 
real-valued standard Gaussian random variables on fi. We refer to [151 [23l [24l [25] 
for its definition and relevant properties. Below we shall be interested primarily in 
the case H = L^{0,T;H). 

An 77-strongly measurable process $ : [0, F] x f2 ^ ^{H, E) is said to represent 
a random variable X e L°{n;j{L'^{0,T;H),E)) if for all x* S E*, for almost all 
Loenwe have ^*{-,u)x* e L'^{0,T;H) and 

(2.1) {X{u;)f,x*)^ r[f{t),<^*{t,u;)x*]Hdt for all / G L2(0, F; iJ). 
Jo 

Strong measurability of X can usually be checked with [231 Remark 2.8]. If $ rep- 
resents both Xi, ^2 e L°in; 7(F2(0, T;H),E)), then Xi = X2 almost surely by the 
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Hahn-Banach theorem and the essential separability of the ranges of Xi and X2 ■ In 
the converse direction, if both $1 and $2 represent X £ L°{Vl;-f{L'^{Q,T;H),E)), 
then ^ih — $2/1 almost everywhere on w x [0,T] for all ft, G _ff (to see this 
take / = ^[a.b] (8) ft in (|2.1|) : then use the Hahn-Banach theorem and the strong 
i/-measurability of <i>) and therefore $1 = $2 almost everywhere on w x [0,r]. 
It will often be convenient to identify (f> with X and we will simply write $ G 
L\n-^{L\Q,T-H),E)). 

From now on we shall assume that a filtration {Tt)te[a.T] on (f2,^, P) is given 
which satisfies the usual conditions. A process $ : [0,T] x — > C{H,E) is called 
an elementary process adapted to {J-t)t£[o.T] if it can be written as 

N M K 
n—Om—l k—1 

where < to < ■ ■ ■ < t^ < T and the sets Aim ■ ■ ■ , Amu ^ ^t^-i ^-re disjoint 
for each n (with the understanding that (i_i.to] '■— {0} and Tt_^ '■= J'q) and 
the vectors fti, . . . , Hk G H are orthonormal. For such <i> we define the stochastic 
integral process with respect to Wh as an element of L^(^\ C([0, T];E)) as 

„t N M K 

t^ / $(i)dW^H(t) = ^ ^ l^_(c<j)^(W^ff(t„At)ftfe-W^H(i„_i Ai)ftfe)xfe™„ 

n=Om=l fe=l 

Here Wh is a cylindrical Brownian motion. For a process $ : [0, T] x — > C{H, E) 
we say that $ is scalarly in L°(f2; L^(0, T; 7?)) if for all a;* S i?*, for almost all 
w G n we have $*(•, a;)a;* G L^(0, T; ff). The following result from f23l extends the 
integral to a larger class of processes. 

Proposition 2.1. Assume that E is a UMD space and let Wh be an H-cylindrical 
Brownian motion on (fl,J-,V). For an H -strongly measurable and adapted process 
$ : [0,T] x C{H,E) which is scalarly in L°{n; L'^{0,T; H)) the following 

assertions are equivalent: 

(1) there exist elementary adapted processes $„ : [0,T] x — > C{H,E) such 
that: 

(i) for all h £ H and x* G E* . 

{^h,x*) = lim (^nh,x*) in measure; 

n — ^00 

(ii) there exists a process ( G {fl; C {[0 , T]; E)) such that 

C= lim / ^n{t)dWHit) inL''{n;C{[0,T];E)). 

(2) There exists a process C G L'^i^', C([0; T]; E)) such that for all x* G E* , 

(C,x*)= / ^*{t)x* dWnit) in L°{n;C[Q,T]). 



(3) a>GLO(f]; 7(2.2(0, r;i7),i?)). 

The processes C, in ^ and ^ are indistinguishable and it is uniquely determined 
as an element of L'^{VL]C{[Q,T]]E)). It is a continuous local martingale starting at 
0, and for all p £ (1, cxd) there exists a constant < Cp^E < 00 such that 
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A process $ : [0,T] x 51 ^ C{H,E) satisfying the equivalent conditions of the 
theorem will be called stochastically integrable with respect to Wh- The process C 
is called the stochastic integral process of $ with respect to Wh , notation 

C= / ^t)dWH{t). 

Jo 

The following lemma will be needed in Section [3] and shows that condition ^ 
in Proposition 1 2 . II can be weakened. 



Lemma 2.2. Let E be a UMD Banach space and let F he a dense subspace of 
E* . Let $ : [0, T] x ^ i^{H, E) be an H -strongly measurable and adapted process 
such that for all x* G F, <^*x* G L^{0,T; H) almost surely. If there exists process 
C e L°{Q;C{[0,T];E)) such that for all x* e F we have 



(2.2) iCx*)^ / <i>*{s)x* dWnis) in L°{Q;C[0,T]), 

Jo 

then $ is stochastically integrable with respect to Wh and 

C= / <^>{s)dWH{s) mi"(r!;C([0,T] ;£;)). 



Proof. By Proposition l2.1l it suffices to show that <i>*x* £ i^(0, T; H) almost surely 
and that (|2.2p holds for aU x* e E* . To do so, fix x* e E* arbitrary and choose 
elements a;* G F such that x* = lim„^oo a^n in E*. Clearly we have {C^x*} — 
lim„^oo(C; a;^) in L*'(f2; C[0, r]). An application of 17, Proposition 17.6] shows that 
the processes $*a;* define a Cauchy sequence in L'^{il; L^{0, T; H)). By a standard 
argument we obtain that ^*x* e L"{il; L'^{0,T; H)) and lim„^oo $*a;*i = ^*x* in 
L°(fl;L2(o,T;7J)). By another application of [T71 Proposition 17.6] we conclude 
that 

$*(s)x*dPFff(s) = lim / $*(s)x;dVKH(s) = lim = (C, x*) 

71— '■QO Jq n—^oo 

mL"{n;C[0,T]). □ 

The next lemma defines a trace which will be needed in the statement of the Ito 
formula. 

Lemma 2.3. Let E,F,G be Banach spaces and let (/i„)„>i be an orthonormal 
basis of H. Let R e j{H,E), S G -f{H,F) and T e C{E,C{F,G)) be given. Then 
the sum 

(2.3) Ttr^sT ■.= Y,iTRhn)iSh„) 

n>l 

converges in G and does not depend on the choice of the orthonormal basis. More- 
over, 

(2.4) \[TrR^sT\\<\\T\\\\R\\,(H,E)\\Sh(H,F). 
HE = F we shall write Tr^ := Ttrm- 

Proof. First assume that S — ^n^ihn CE5 Vn with yi,...,y]y S F. Then the 
convergence of the series in (12. 3p is obvious. Letting = J2n=i InRhn and 
= Sn=i InShn wc obtain 

l|TrH,srll = ||ET(efl)(Cs)ll < l|rl|(E||Cfif )^(E||C5f )^ < \\T\\\\R\\^^H,E)\\SUH,Fy 
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Now let S e j{H,F) be arbitrary. For each > 1, let Pn G C{H) denote 
the orthogonal projection on span{/i„ : n < N}. Letting Sn — S o Pn, we have 
S = lini„^oo Sn in 'jiH, F)- For all m,n> 1, we have 

||Trfl„s„T-TrH,s,„r|| = ||Trfl„5„-s„T|| < \\T\\\\R\\^f^H,E)\\Sn - Sm\\^(H,Fy 

Therefore, (Trjj.5^T)„>i is a Cauchy sequence in G, and it converges. Clearly, for 
aU > 1, Trfl„s„T = Y.n=i{TRhn){Shn). Now the convergence of and the 
estimate (|2.4p follow. 

Next we show that the trace is independent of the choice of the orthonormal basis 
{hn)n>i- Let (e„)„>i be another orthonormal basis for H. For R = Yl,m=i ^ 
with xi, . . . , xm & E and S = X]^=i ® Vn with yi, . . . , j/at G F, we have 

'^T{Rek){Sek) = X! I^fc, ^m] [ck, hn]T{Rhm){Shn) 

k>l fc>lm>ln>l 

= ^ ^^[efc,/im][efc,/i„]r(i?/i™)(S'/i„) 

m— 1 n— 1 k>l 

M N 

= ^ ^S„inT{Rhm){Shn) = TrR.sT. 

m—1 n—1 

The general case follows from an approximation argument as before. □ 

A function / : [0,T] x E F is said to be of class C^'^ if / is differentiable 
in the first variable and twice Frechet differentiable in the second variable and the 
functions /, Dif, I?2/ and are continuous on [0,T] x E. Here Dif and 
are the derivatives with respect to the first and second variable, respectively. We 
proceed with a version of Ito's formula as annoimced in |23j . 

Theorem 2.4 (Ito formula). Let E and F be UMD spaces. Assume that f : 
[0,T] X E ^ F is of class C^-'^ . Let $ : [0, T] x ^ C{H,E) be an H -strongly 
measurable and adapted process which is stochastically integrable with respect to 
Wh and assume that the paths of ^ belong to L'^(0,T]j{H, E)) almost surely. Let 
ij) : [0,T] X Q ^ E be strongly measurable and adapted with paths in L^{0,T; E) 
almost surely. Let ^ : Q ^ E be strongly To-measurable. Define C, : [Q,T] x ^ E 
by 

C-e + / iAs)ds+ [ ^{s)dWH{s). 
Jo Jo 

Then s ^ D2,f{s, ({s))^{s) is stochastically integrable and almost surely we have, 
for all t e [0,T], 

/(t,cw)-/(o,c(o))- / D,f{s,as))ds+ f D2f{s,asms)ds 

Jo Jo 

(2.5) + f D2fis,as)Ms)dWHis) 

Jo 

+ i / TT^^,){Dlfis,C{s)))ds. 
Jo 



REGULARITY FOR THE ZAKAI EQUATION 



7 



The first two integrals and tlie last integral are almost surely defined as a Bochner 
integral. To see this for the last integral, notice that by Lemma [231 we have 



\TiMs)iDy{sx{s)))\\ds< I \\Dif{sximms)KiH,E)ds 

^0,T:f{H,E)) 



< sup WDyisxismmi 



se[o,T] 
almost surely. 

Remark 2.5. In the situation of Theorem 12.41 Via Proposition 12.11 the stochas- 
tic integrability implies that $ e L°{i};j{L'^{0,T;H),E)). If, in addition to the 
assumptions of Theorem 12.41 we assume that E has type 2, then 

7.2(0, T; jiH, E)) ^ ^{1^(0, T; H),E) 

canonically. Therefore, the assumption that $ is stochastically integrable is au- 
tomatically fulfilled since $ S L°{n; L'^{0,T;j{H, E))). In that case the theorem 
reduces to the Ito formula in [HI [5S] . 
If E has cotype 2, then 

7(^2(0, T; H),E)^ L^O, T; 7(ff, E)) 

canonically and the assumption that $ G L'^{^; L^{0, T; ^{H, E))) is automatically 
fulfilled if $ is stochastically integrable. 

As a consequence of Theorem 12.41 we obtain the following corollary. 



Corollary 2.6. Let Ei, E2 and F be UMD Banach spaces and let f : Ei x E2 ^ F 

be a bilinear map. Let (/i„)„>i be an orthonormal basis of H . For i — 1,2 let 
: [0,T] X n ^ C{H,Ei), V-i : [0, T] x f7 ^ £: and : fl ^ E, satisfy the 
assumptions of Theorem \2.4\ and define 



C.W=6+ / Ms)ds+ / <f,{s)dWH{s). 
Jo Jo 

Then, almost surely for all t G [0,T], 

/(CiW,C2W)-/(Ci(0),C2(0))= f f{(:i(s),Ms)) + f{Ms),C2(s))ds 

Jo 

+ I f{Ql{s),'^2{s)) + f{<^l{s),C2(s))dWH{s) 



^/($i(s)/i„,$2(s)/i„)ds. 



n>l 

In particular, for a UMD space E, taking Ei = E, E2 ~ E* , F ~ M. and 
f(x,x*) = {x,x*), it follows that almost surely for all t G [0,T], 
(2.6) 

(Ci(t),C2W)-(Ci(0),C2(0))= / {a{s),Ms)) + {Ms)X2{s))ds 

Jo 

+ I {Us),^2{s)) + {^l{s)X2{s))dWH{s) 



^($i(s)/i„,$2(s)/i„)ds. 
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The result of Corollary 12.61 for martingale type 2 spaces Ei , E2 and F can be 
found in [9l Corollary 2.1]. However, we want to emphasize that it is not possible 
to obtain (|2.6p with martingale type 2 methods, since E and E* have martingale 
type 2 if and only if E is isomorphic to a Hilbert space. 

For the proof of theorem 12.41 we need two lemmas. 

Lemma 2.7. Let E be a UMD space. Let $ : [0, T] ^ C{H, E) he an H -strongly 
measurable and adapted process which is stochastically integrable with respect to Wh 
and assume that its paths belong to L^{0,T;j(H, E)) almost surely. Then there 
exists a sequence of elementary adapted processes such that 

lim $„ in L°{n]L^{0,T;-f{H,E)))nL"{n;j{L^{0,T;H),E)). 

n — ^00 

Proof. Let (/i„)n>i be an orthonormal basis for H and denote by P„ the projection 
onto the span of {hi, . . . , /i„} in H. Define : [0, T] x ^ liH, E) as 

■^n{t,u:)h : = E(i?^"($(.,w)P„/i)|e„)(i) 

2" ^(fc-l)2""T 

= 51 ^((fe-l)2-"T,/c2-"T](^) / ^{s)Pnhds, 
k=l J(fc-2)2-"T 

where R^" : L'^{0,T;E) L'^{0,T;E) denotes right translation over Sn = 2"", 
5„ is the n-th dyadic ct- algebra. By [23l Proposition 2.1], $ lim„^oo in 
L°{n; L2(o, T; 7(i/, E))) and $ = lim„^oo in ^^(r!; 7(L2(0, T; H),E)). 
The processes are not elementary in general, but of the form 

K„ n 
fe=l i=l 

where each is an -measurable P-valued random variable. Approximating 
each £^ikn in probability by a sequence of JT^^^ -simple random variables we obtain a 
sequence of elementary adapted processes (^nm)m>i such that lim„j^oo ^nm = 
in L%n; L2(o, T; 7(i?, i;))) and lim^^o, = *„"in LO(f]; 7(L2(0, T; if), P)). For 
an appropriate subsequence (m„)„>i, the elementary adapted processes have 
the required properties. □ 



The next lemma is proved in a similar way. 

Lemma 2.8. Let E be a Banach space, and let ip E L'^{fl; L^{0, T; E)) be an adapted 
process. Then there exists a sequence of elementary adapted processes {'4'n)n>i such 
that ^p ^ limn^oc ipn in L°{n; L^{0,T; E)). 

Proof of Theorem \2.4\ The proof is divided into several steps. 
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Step 1 " Reduction to the case F — M.. Assume the theorem holds in the case 
F = M. Applying this to {f,x*) for x* e E* arbitrary we obtain 

{f{tXit)),x*) - (/(0,C(0)),x*) = ( f' D,f{s,as))ds,x*) 



+ ( 1^ D2fis,as)Ms)ds,x*) 

D2f{sXis))Hs))*x*dWHis) 

TT{Dlfis,asmis),^s)))ds,x* 



1 

+ 2 

An application of Proposition 12.11 ^ to the pathwise continuous process 



/(•,C)-(/(0,C(0))- / D,fisXis))ds~ / D,fis,asms)ds 
Jo Jo 

MDlf{sX{s))ms)Ms)))ds. 

shows that D2f{-,C)^ is stochastically integrable and (|2.5p holds. It follows that 
it suffices to consider F — R. 

Step 2 - Reduction to elementary adapted processes. Assume the theorem holds 
for elementary processes. By path continuity it suffices to show that for all t G [0, T] 
almost surely (|2.5p holds. Define the sequence (Cn)n>i in L°{il;C{[0,T]; E)) by 

Cn{t)^Cn+ f Ms)ds+ f <^n{s)dWH{s), 

Jo Jo 

where (^n)n>i is a sequence of ^o-measurable simple functions with ^ = lim„^oo ^„ 
almost surely and ($n)n>i and (V'n)n>i are chosen from Lemma 12.71 and 12.81 By 
[21 Theorems 5.5 and 5.9] we have C = hm„^oo Cn in L°{n; C([0, T];E)). We may 
choose rip C £7 of full measure and a subsequence which we again denote by (Cn)n>i 
such that 

(2.7) C= lim Cn in C([0,r];£;) on f7o- 

n — ^oo 

Thus, in order to prove (|2.5|) holds for the triple {£,, ijj, ^) it suffices to show that all 
terms in <\2.5\i depend continuously on (^,'(/',^)- This is standard, but we include 
the details for convenience. 

For the left hand side of (1231) it follows from (l27l) that 



lim f{t, Cn{t)) - /(O, C„(0)) = fit, at)) - /(O, cm almost surely. 

n — *oo 

For a continuous function p : [0,T] x E ^ B, where B is some Banach space, 
and Lo G flo fixed the set 

Ms,C„(s,w)): se [0,T], n> l}U{p(s,C(s,c^)) : se[0,T]} 

is compact in B, hence bounded. Let K — K{uj) denote the maximum of these 
bounds obtained by applying this to the functions /, -D2/ and I?2/- -By Lemma 
12.81 (|2.7p and dominated convergence, on Q,q we obtain 

lim / D^f{s,Cn{s))ds= f D,f{sX{s))ds, 
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lim / D2f{sXnis))Ms)ds^ f D2f{sX{s)Ws)ds. 
"^°°Jo Jo 
For the stochastic integral term in (|2.5p . by |T71 Lemma 17.12] it is enough to 
show that on Qq, 

(2.8) Km p2/(-,C)*-^2/(-,C«)$n|U2(o,T:H) =0. 

Here {■,(.) and L'2/(-,Cn) stand for {■,({■)) and D2f{-,Cn{-)), respectively. 
But, by Lemma [^771 we have 

lim \\D2f{-Xn)i^-'^n)\\LH0,T:H) <K lim \\<S^ - ^n\\mo,T:C(H,E)} 

<K lim ||3'-«'„||L2(o.T;7(H,i5)) =0- 

and, by (|2.7p and dominated convergence, 

lim \\{D2f{-X)-D2f{-Xnm\LHO,T:H)=0 
n — >oo 

on JIq. Together these estimates give ([2 
For the last term in (12.51) we have 



\\i:T^{Dlf{-X)) - Tr*„ {Dlf{-. Cn))llLi(O.T) 

< ||Tr$(i?2/(-,C)) -Tr$(i?2/(-,Cn))IUM0,T) 

+ ||Tr$(Z?2/(-,C«)) -Tr*„(D2/(-,Cn))llLH0,T)- 

The first term tends to on VIq by Lemma r2.3[ (|2.7p and dominated convergence. 
For the second term, by Lemma |2.3[ the Cauchy-Schwartz inequality and Lemma 
12.71 we have 

\\Tv^{Dlf{; C„)) - Tr*„ {Dlf{; Cn))||Li(0,T) 

< ||Tr<,(i?2V(-,Cn))-Tr$,$„(Z?2V(-,Cn))l|Li(0,T) 

+ ||Tr$,*„((i?2V(-,Cn)) -Tr*„(i?2^(-,C„))||Li(o,T) 

< iV'||$||2,2(o^T;7(ff,£'))ll* - ^n\\L^(0,T-n(H,E)) 

+ -^ll*i'n||L2(0,T;7(ff,£;))ll* " ^n\\L'^(O.T--f(H,E)): 

which tends to on ilo as well. 

Step 5 - If ^ is simple, ^ and <I> are elementary, they take their values in a 
finite dimensional subspace Eq C E and there exists a finite dimensional subspace 
Hq of H such that H = Hq © Ker($). Since Eq is isomorphic to some E" and 
Hq is isomorphic to some M™, ()2.5p follows from the corresponding real valued Ito 
formula. □ 



Remark 2.9. With more elaborate methods one may show that in Corollary [2761 the 
assumption $ S L°{Q,; L'^{0,T;j{H, Ei))) is not needed. The proof of this result 
depends heavily on the fact that D^f is constant in that case. For general functions 
/ of class C^'^ we do not know if the assumption can be omitted. 

3. The abstract stochastic equation 
After these preparations we start our study of the problem 

N 

dUit) = A{t)U{t)dt + Y,BnU{t)dWn{t), te[0,T], 

(•^■^^ n=l 

U{0) = uo. 
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The processes Wn — (W^n(^))te[o.T] independent standard Brownian motions on 
some probability space (fi,^, P) and are adapted to some filtration F = {Tt)te[o,T]- 
The initial random variable uq : Q ^ E is assumed to be strongly J-Q-measurable. 
Concerning the operators A{t) : V{A{t)) C E ^ E and B„ : V{B„) C E ^ E we 
assume the following hypotheses. 

(HI) The operators A{t) are closed and densely defined; 

(H2) The operators Bn generate commuting Co-groups G„ = {Gn{t))teR on E; 
(H3) For all t G [0, T] we have V{A{t)) C fl^^i ^(^n)- 
Defining V{Cit)) := V{A{t)) and C{t) := A{t) - i J2n=i ^1, we further assume 
(H4) There exists a A e M with A e Q{A{t)) n Q{C{t)) for aU t G [0,r], such 

that the functions t ^ B^R{X,A{t)) and t B'^R{X,C{t)) are strongly 

continuous on [0,T]. 

Hypothesis (H4) is automatically fulfilled in the case A{t) is independent of t. Below 
it is showed that it is fulfilled in several time dependent situation as well. 

An £'-valued process U = {U{t)}t£[o.T] is called a strong solution of p.ip on the 
interval (0, T] if L/ G C{[0,T];E) almost surely, U{0) = uq, and for all £ > the 
following conditions are satisfied: 

(1) For almost all uj e fl, U{t,uj) G TX^Alt)) for almost all t G [e,T] and the 
path t ^ A(t)U{t,u) belongs to L'^{e,T;E); 

(2) For n = 1, . . . ,N the process Bnll is stochastically integrable with respect 
to Wn on [e,T]; 

(3) Almost surely, 

U{t)^U{e)+ / A{s)U{s)ds + / Br,U{s)dWn{s) for alH G [e, T]. 

Note that by path continuity, the exceptional sets may be chosen independently of 
e G (0,r]. We call U a strong solution on the interval [0,T] if U satisfies (1), (2) 
and (3) with e — 0. 

Assuming Hypotheses (H1)-(H4), in the Hilbert space setting the existence of 
strong solutions has been established in [TT] (see also [131 Section 6.5]) by reducing 
the stochastic problem to a deterministic one and then solving the latter by par- 
abolic methods. Here we shall extend this method to the setting of UMD spaces 
using the bilinear Ito formula of the previous section. 

Define G : C{E) as 

N 

G{a) := n '^r^{an)■ 

n=l 

Note that each G{a) is invertible with inverse G~^(a) := (G(a))^^ = G(— a). For 
t G [0, T] and w G fi we define the operators Cw{t, to) ■ 'D{Cw{t, ljj)) E ^ E hy 

V{Gw{t,uj)) -.^{xeE: G{W{t,uj))x G V{G{t))}, 

Cw{t,uj) := G-\W{t,uj))G{t)G{W{t,u)), 

where W — [Wi, . . . , Wn)- Note that the processes 

Gw{t,uj) := G{W{t,uj)) and G^\t,Lu) := G(-W^(t,u;)) 

are adapted and pathwise strongly continuous. 
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In terms of the random operators Cw(t) we introduce the fohowing pathwise 
problem: 

V'{t) = Cw{t)V{t), te[0,T], 
V{0) = .0, 

Notice that (|3.2[) is a special case of p.ip with A{t) replaced by Cw{t) and with 
Bn = 0. In particular the notion of strong solution on (0,T] and on [0, T] apply. 

Note that if F is a strong solution of ()3.2|) on (0, T], then almost surely we have 
Gwit)V{t) e V{C{t)) = V{A{t)) C fl^^i V{B^) for almost all t g [0, T]. 

The next theorem, which extends [HI Theorem 1] and [121 Theorem 1] to UMD 
Banach spaces, relates the problems p.ip and ()3.2p . 



Theorem 3.1. Let E be a UMD Banach space and assume (II1)-(II4) and let 
e £ [0, T] be fixed. For a strongly measurable and adapted process V : [0,T]xQ ^ E 
the following assertions are equivalent: 

(1) GwV is a strong solution of (|3.ip on (0,T] (resp. on [0,T]j; 

(2) V is a strong solution of (j3.2p on (0,T] (resp. on [0,T]). 

Proof First we claim that fl™ „=i ^^(^n-Bm) 

is norm-dense in E*. Since E is 
reflexive it is sufficient to prove that flm „=i T^iB^B:^) is weak*-dense in E*. Fix 
an a; G i?, a; 7^ 0, and some A G n^=i Q{Bn), and put ?/ := 0^=1 B,{X, Bn)^x. Since 
by (112) the resolvents i?(A, commute we have y e I' 0^=1 -^n) • Since y ^ 
we can find g such that {y,y*) ^ 0. Then by (H2), the resolvents R{\Bl) 
commute and x* := n^=i R{\ B*J'^y* g nm,n=i T^iBnB^) and it is obvious that 
{x,x*) 7^ 0. This proves the claim. 

We will now turn to the proof of the equivalence of strong solutions on (0,r]. 
The equivalence of strong solutions on [0, T] follows by taking e = in the proofs 
below. 

(1) (2): Let e > be arbitrary. Since U :— GwV is a strong solution of (|3.ip 
on (0,T], almost surely we have GwitWit) g V{C{t)) for almost aU t g [e,T]. 
Moreover, for n = 1, . . . ,N, 

BlU{t) = BlR{\ A{t)){X - A{t))U 

= BlR[\ A{t))\U{t) + BlR{\, A{t))A{i)U[t). 

Therefore, (H4) implies that BlGwV = BlU is in L^{e,T;E) almost surely. We 
conclude that t t-^ C{t)Gw{t)V{t) belongs to L^{e,T;E) almost surely. Hence 
1 1— > Cw{t)V belongs to L^{e,T;E) almost surely. 

Let X* g r\Z.n=i'^iBnB:^) be fixed. The function f : ^ E* defined by 
/(a) := G^^*{a)x* is twice continuously differentiable with 

-^(a) = -G-'*{a)Blx\ -^{a) = G'^* {a)B:'x* . 
oon oat 



By the Ito formula Theorem 12.41 (applied to the Banach space E* and the Hilbert 

-t-i. 



space H = R^) it follows that the processes G^^*B*x* are stochastically integrable 
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with respect to Wn on [e,T] and that almost surely, for all t G [£,T], 



Y^j^ G^'*{s)B:x*dW„{s) + ^Y.l G^*{s)Bl*x*ds. 



By (|2.6p applied to U and Gy^)^*x* we obtain that almost surely, for all t G 

{V{t),x*) - {V{e),x*) = {U{t),G^^*{t)x*) - {U{e),G^'*{e)x*) 

rt -, N 



I \ E(C/(s), G^'*{s)Bl^x*) + {A{s)U{s),G„'*{s)x*) ds 
+ E / -{U{s),G^*{s)Blx*) + {BnU{s),G^*{s)x*)dWn{s) 

n=l"'^ 

/ {BnU{s),G^'*{s)B:x*)ds 

1 J e 



n=l 

= f\G^'{s)G{s)Uis),x*)ds 



t 

{Gw{s)V{s),x*)ds. 



Since CwV has paths in L^{e,T;E) almost surely, it follows that, almost surely, 
for all t e [e,T], 

{V{t),x*) - {V{e),x*) = ( / Cw{s)V{s)ds,x*) 



By approximation this identity extends to arbitrary x* £ E* . By strong measura- 
bility, this shows that almost surely, for all t £ [£,T], 

V{t)-V{e)= I Gw{s)V{s)ds. 



(2) ^ (1): Put U :— GwV. Let e > be arbitrary. Since V is a strong solution 
of ([X^ on (0, r], as before (H4) implies that almost surely we have U{t) £ 'D{A{t)) 
for aU t G [0, T] and t ^ A{t)U{t) belongs to L^{e, T; E). 

Let X* G 'D{B^B^) be fixed. Applying the Ito formula in the same way 

as before, the processes G'^B^x* are stochastically integrable with respect to Wn 
on [e,T] and almost surely we have, for all t G 

N ^.t 1 ^ /■* 

G*^{t)x* -G*^{e)x* ^Y G*^{s)b:x* dWn{s) + -Y G*^{s)B:'x* ds. 

n=l"'£ n=l"'e 
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By assumption we have CwV G L^{e,T;E) almost surely. Hence we may apply 
p.6p with V and G^x*. It follows that almost surely, for all t G [s,T], 

{Uit),x*)~{U{e),x*) 

= {V{t),Gl^{t)x*) - {V{e),G*^{t)x*) 

- Y,{V{s),G*^{s)Bl^x*) + {G^{s)C{s)Gw{s)V{s), G'\^{s)x*) ds 



2 

n=l 



+ E / {V{s),G*^is)B:x*)dWnis) 

71 = 1-'^ 

pt N „f 

= / {A{s)Gw{s)V{s),x*)ds + Y, / {BnGw{s)V{s),x*)dWn{s) 

pt N „f 

= / {A{s)U{s),X*)ds + Y, / {BnU{s),X*)dWn{s). 



Since G:^CU = CwV € L\e,T;E) almost surely, we have CU € L\e,T;E) 
almost surely, and therefore by (H4) we also have AU G L^{e,T;E) almost surely. 
Also, V has continuous paths almost surely, and therefore the same is true for 
U = GwV. Thanks to the claim we are now in a position to apply Lemma 12.21 on 
the interval [e,T] (for the Hilbert space H = and the process C, = U — U{£) — 
J ^ A{s)U [s) ds) . We obtain that the processes i?„C/ are stochastically integrable 
with respect to Wn on [£,T] and that almost surely we have, for all t G [£,r], 

pt N „t 

U{t)-U{e)^ / A{s)U{s)ds + J2 BnU{s)dWn{s). 

□ 



4. The deterministic problem: Acquistapace-Terreni conditions 
Consider the non-autonomous Cauchy problem: 

(4.1) ^(t)-c(tMt) tG[o,r], 

u(0) = X, 

where C{t) : 'D{C{t)) C E ^ E are linear operators. We study this equation 
assuming the Acquistapace-Terreni conditions [3]: 

(ATI) For aU t G [0,T], C{t) : V{C{t)) C E ^ E is a. closed linear operator and 
there exists 9 G (f > i") such that for all i G [0, T] we have 

g{C{t)) D S~g, 

where Sg = {z G C \ {0} : | argz| < 6}. Moreover there exists a constant 
K >0 such that for all t G [0, T] we have 

||i?(A,C(t))|| <^^, XeSe. 
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(AT2) There exist fc > 1 and constants L > 0, ai, . . . ,ak, and /3i, . . . , (3k £ K with 
< /3i < ai < 2 such that for all i, s G [0, T] we have 

k 

\\CmiX,CmC-Ht) - C-\s)]\\ <Lj2\t- snxf^-\ X e Se. 

i=l 

We may assume 5 := minjofi — (3i\ G (0, 1). 

We say that u is a classical solution of (j4.ip if 

(1) ueC{[0,T];E)r\C\{0,T\,E)- 

(2) u{t) e V{C{t)) for all t £ (0,T]; 

(3) m(0) = X and = C{t)u{t) for all t £ (0, T]. 

Assuming that x e P(C(0)) we say that w is a strict solution of (j4.ip if 

(1) u^C\[0,T];E)- 

(2) e 2?(C(t)) for aU i e [0,r]; 

(3) u(0) = X and = C(t)w(i) for aU t e [0,T]. 

As a special case of [31 Theorems 6.1, 6.3 and 6.5] and [2 Theorem 5.2] we have 
the following result. For a closed densely defined operator (jz/, V{s/)) on £' we use 
the usual notation Dj^{6,p) = {E,'D{£/))g^p for the real interpolation spaces. 

Theorem 4.1. // the operators C{t) — /i satisfy (ATI) and (AT2) for some /i G R, 
then the following assertions hold: 



(1) If X £ I?(C(0)), then there exists a unique classical solution u of ()4.ip . 

(2) If X ^ 2?c(Q)(l — (T, oo) wit/i (T G (0,1); then there exists a unique classical 
solution u of (|4.ip . Moreover Cu G i^(0, T; E) for all 1 < p < a^^ . 

(3) If X Cz I?(C(0)), </ie77. f/iere exists a unique strict solution u of (14. ip . 

Assuming Hypothesis (H2), we study the problem 
du 

(4 2) —{t)=C,,{tMt) te[0,T], 

u{0) — X, 

HereCft(t) G-^{h{t))C{t)G{h{t)), with I?(C,,(i)) ^ {x e E : G{h{t))x e I?(C(i))}, 
G is as in Section [3l and h : [Q,T] is a measurable function. Notice that 

p.2p may be seen as the special case of (|4.2I) . where C = C and h = W. 

The following condition is introduced in 13, Theorem 6.30] (see also [11] Propo- 
sition 1]) in the time independent case. Let (C(i))tg[o,T] be densely defined and 
such that G g{C{t)) for all t e [0,r]. Assuming Hypothesis (H2) we consider the 
following Hypothesis (K) (which may be weakened somewhat, cf. ^2, Remark 1.2]). 

(K) We have G g{C{t)) for all t £ [0,T] and there exist uniformly bounded 
functions Kr, : [0,T] C{E) such that for alH e [0, T], aU n = 1, . . . , TV, 
and all x € V{Bn) we have BnC^'^{t)x G V{C{t)) and 

C{t)BnC-^{t)x = BnX + Kn{t)x. 

The latter may be rewritten as the commutator condition: 

[C{t),Bn]C-\t)x ^ Kn{t)x. 

In many cases it is enough to consider only x e T>{C{t)) instead oi x £ T>{Bn) (cf. 
[21 Proposition A.l]). 
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Assume that (ATI) and (AT2) hold for the operators C{t). If (K) holds for the 
operators C{t), then the uniform boundedness of t R{\,C{t)) can be used to 
check that for all A > 0, (K) holds for the operators C{t) — X for all A > 0. 

The following lemma lists some consequences of Hypothesis (K) . 

Lemma 4.2. Let (C(t))tg[o,T] be closed densely defined operators such that G 
g{A{t)) for all t e [0,T]. Assume Hypotheses (H2) and (K). 

(1) For all n — 1, . . . , N , s £ R and t G [0, T], G'„(s) leaves I?(C(t)) invariant 
and 

C{t)Gn{s)C-\t) ^ p/(s.+^f.(t)). 

(2) For all R > there is a constant Me. > such that for all Ji = 1, . . . , N , 
\s\ < R and t G [0,T] we have 

\\C{t)G„{s)C-\t) ~ < Mn\s\. 

Proof. The first assertion follows from the proof of 11, Proposition 1] and the 
second from a standard perturbation result, cf. [16., Corollary III. 1.11]. □ 

We can now formulate a result that related the problems (|4.ip and (|4.2p . 

Proposition 4.3. Let (C(t))fg[o,T] be closed densely defined operators such that 
G g{C{t)) for allte [0,T]. Assume Hypotheses (H2) and (K). Let h : [0,T] 
be Holder continuous with parameter a G (0, 1] and define the similar operators 
{Ch{t))teio,T] as 

Ch{t) = G-\h{t))C{t)G{h{t)) with D{Ch{t)) ^ {x e E : G{h{t))x G D{C{t))}. 

If the operators C{t) satisfy (ATI) and (AT2) with [{ai, Pi), . . . , (a^, Pk)], then the 
operators Ch{t) satisfy (ATI) and (AT2) with [{ai, /3i), . . . , (a^, Pk), (a, 0)]. 

Proof We denote Gh{t) = G{h{t)). For all t G [0,r] and A G g{C{t)) we clearly 
have A G Q{Ch{t)) and R{\Ch{t)) = Gy^^{t)R{\,e{t))Gh{t). It follows from the 
assumptions on h that for all t G [0,T], 

\\R{\,CH{t))\\ < M^R{\C{t))l 

where M = supfg[o,T] ll^e^lO)!! V ||G(— /i(i))||. Hence each Ch{t) is a sectorial 
operator with the same sector as C{t). Thus the operators Ch{t) satisfy (ATI). 
Next we check (AT2). For all t, s G [0, T] we have 

\\Ch{t)R{\CHm[Ch^{t)-c7,\m 

= \\Gl\t)Cm{\XmC-\t)Gh{t)-Gu{t)G-^\s)C-\s)Gh{s)]\\ 

< M\\Cit)R{X,Cit))[C-\t)Gh{t) - C-\s)GHm\ 

+ Af||C(t)i?(A,C(t))[C-i(s)G^(0-G^(i)G-i(s)C-i(s)G„(s)]||. 

We estimate the two terms on the right-hand side separately. Since (C(t))tg[o,T] 
satisfies (AT2), it follows for the first term that 

\\C{t)R{X,CmC-'it)GH{t)-C-\s)GHm 

<M\\C{t)R{X,CmC-\t)~C-\s)]\\ 

(4-3) 

<Mi^|i--s|"'|A|'^'-\ 

i=l 
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For the second term we have 
(4.4) 

\\Cit)Ri\,CmC'\s)Ghit) - Ghit)G-\s)C'\s)Gh{s)]\\ 

< M\\C{t)R{\,C{t))C-\s)[Gh{t)G-\s) ~ C{s)G,,{t)G-\s)C-\ 
^ M\\C{t)R{\,C{t))C-\s)[G{h{t) ~ h{s)) - C{s)G,,{t)G^\s)C-\ 



s) 



By an induction argument and Lemma 14.21 as in the proof of [131 Theorem 6.30] 
the Holder continuity of h implies that for all i, s e [0, T], 

(4.5) \\G{h{t) - h{s)) - C{s)Gh{t)G^^{s)C-\s)\\ < M^N\t - s^. 

On the other hand it follows from (ATI) and (AT2) that 

\\C{t)R{\C{t))C-\s)\\ 

< \\C{t)R{X,CmC-\s)-C-\t)]\\ + \\Cm{X,Cit))C-\t)\\ 

(4.6) 

< Lj2\t - + K\X\'\ 

Combining and gives 

\\C{t)R{\C{t))\C-^{s)Gh{t) - Ghit)Gl\s)C-\s)Gh{s)\\ 

(4.7) 



< MLMo^nY^ \t - s|"'+"|A|'3'"i + MKMc,N\t - s\"\\[ 



We conclude from ((i?7)) . and the trivial estimate |t - s|"*+" < C^lt - s|"' 

that 

k+l 

\\Cu{t)R{\CH{t)) [C,7^(.) - C^\t)\ II < 1^ - .r'|A|ft-i 

1=1 

for a certain constant L and a^+i = a, Pk+i =0. □ 

The main abstract result of this paper reads as follows. 

Theorem 4.4. Let E be a UMD Banach space and assume that Hypotheses (HI), 
(H2), (H3),, and (H4) are fulfilled and that (ATI), (AT2), and (K) are satisfied for 
G{t) — fj, for some /i G M. 

(1) The problem (13. ip admits a unique strong solution U on (0,T] for which 
AU G G{{0,T];E) almost surely. 

(2) If uq G X'^(o)(1 — (T, oo) almost surely, then the problem (j3.ip admits a 
unique strong solution U on [0,T] for which AU G G{{0,T]; E) almost 
surely. Moreover AU G i^(0, T; E) for all 1 < p < a^^ . 

(3) // Mo G 2?(A(0)) almost .surely, the problem (j3.ip admits a unique strong 
solution U on [0,T] for which AU G G{[0,T]; E) almost surely. 

Proof. If C/^i is a solution of p.ip with A(t) replaced by A{t) — ^, then it is easy to 
see that t i— > e''*f/^(t) is a solution of (|3.ip . It follows from this that without loss 
of generality we may assume that /i = in the assumptions above. 

(1): By the standing assumption made in Section [31 the initial value uq is an 
.T-Q-measurable random variable. By Proposition 14.31 and the Holder continuity 
of Brownian motion, the operators Gw{t) satisfy (ATI) and (AT2). Hence by 
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Theorem 14. 11 almost surely the problem p.2p admits a unique classical solution V. 
To see that V is adapted we argue as follows. 

Let {Pw{t, s))o<s<t<T be the evolution system generated by {Cw{t))o<t<T, 
which exists by virtue of (ATI), (AT2), and the results of [HI^. Then V{t) = 
Pw{t,0)uo. Thus we need to check that for each t G [0,T] the random variable 
Pw{t^ 0)uo is strongly .Ft-measurable. Since uq : Q E is strongly .T-Q-measurable 
we can approximate uq almost surely with .Fo-measurable simple functions. In 
this way the problem reduces to showing that Pw{t,0)x is .Ft-measurablc for 

all X E E. One easily checks that the Yosida approximations iCl^\s))s^[Q t] of 
(Cw(s))sg[o.f] are strongly .Ft-measurable in the strong operator topology. More- 
over, in view of (ATI) and (AT2), cj^^* is almost surely (Holder) continuous in 
the uniform operator topology. Therefore by the construction of the evolution 
family P^y^u, s)o<s<u<t (for instance via the Banach fixed point theorem (cf. 
[27])) we obtain that P^''(t, 0)x is strongly .Fj-measurable. By [71 Proposition 
4.4], Pwit,0)x = lim„^oo P^'''(t, 0)a;. This implies that Pwit,0)x is strongly J^t- 
measurable. 

Since V has continuous paths almost surely, it follows that V is strongly measur- 
able. Since continuous functions are integrable, the solution V is a strong solution 
on (0, T]. Hence by Theorem 13.11 U = GwV is a strong solution of (|3.ip on (0, T]. 
The pathwise regularity properties of V carry over to U, thanks to (H4). The 
pathwise uniqueness of V implies the uniqueness of U again via Theorem 13.11 and 
(H4). 

(2) : If Mo e 2?A(o) (1 - oo) almost surely, then it follows from AV e LP(0, T; E) 
that y is a strong solution of (j3.2p on [0, T]. Therefore, Theorem 13.11 implies that 
[/ is a strong solution of (j3.ip on [0,T]. The pathwise regularity properties of V 
carry over to U as before. 

(3) : If uo e P(yl(0)) almost surely, then y is a strong solution of (|3.2p on [0, T], 
and from Theorem 13.11 we see that C/ is a strong solution of (|3.ip on [0, T]. The 
pathwise regularity properties of V carry over to U as before. □ 

Remark 4.5. If {A{t) — /io)te[o.T] satisfies (ATI) and (AT2) for a certain /io £ R, 
then under certain conditions the perturbation result in '14' Lemma 4.1] may be 
used to obtain that [C{t) — /^)tg[o,T] satisfies (ATI) and (AT2) as well for large 
enough. In particular, this is the case if the {Bn)n=i are assumed to be bounded. 

Remark 4.6. Assume E is reflexive (e.g. i? is a UMD space). If the _B„ are bounded 
and commuting and the closed operators A{t) — and C{t) — /ip satisfy (ATI), 
(AT2) for aU G M large enough, then (HI) - (H4) are fulfilled. It is trivial that 
(H2) and (H3) are satisfied. For (HI) one may use Kato's result (cf. [34i Section 
VIII. 4]) to check the denseness of the domains. For (H4) notice that for A > /io 
(ATI) and (AT2) imply that t ^ R{\ A{t)) and t ^ R{\ C{t)) are continuous (cf. 
[311 Lemma 6.7]). Since i?„ are assumed to be bounded this clearly implies (H4). 

Remark 4.7. Assume the operators Bi,B2, ■ ■ . are bounded and commuting. 
Then each e*^" is continuously differentiable, so G{W) is Holder continuous with 
exponent ^ G (0, 5). As a consequence, time regularity of the solution V of (|3.2p 
translates in time regularity of the solution U — G{W)V of (|3.ip . We will illustrate 
this in two ways below. 
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As in [29l p. 5] it can be seen that if almost surely uq e D{{w — A{0)°') for 
some a 6 (0, 1], then almost surely V is Holder continuous with parameter a. We 
conclude that under the condition that almost surely, uq G D{{w — A(0))" for some 
a e (0, J7 is Holder continuous with parameter a. 

Assume uq G D{A{0)) and A{0)uo e _D^(a,oo) almost surely for some a G 
(0,(5]. Then we deduce from [3l Section 6] that almost surely, CwV has paths in 
C"([0, T]; E'). If a < ^, then we readily obtain, almost surely, AU has paths in 
C"{[0,T]-E). 

We conclude this section with an example. An non-stochastic version of the 
example has been studied in [U [29l [33] . 

Example 4.8. We consider the problem 
(4.8) 

N 

Dtu{t,x) ^ A{t,x,D)U{t,x) + ^Bn{x)U{t,x)DtWn{t), te [0,T],xeS 

n=l 

V{t,x,D)U = 0, te[0,T],xedS, 
U{0, x) — uo{x), x^S 

Here 

d d 

A{t,x,D)^ atj{t,x)DiDj +^^qi{t,x)Di + r{t,x), i?„(a;) = 6„(a;), 

and 

d 

V{t,x)^^Vi{t,x,D)D, + vo{t,x). 
1=1 

The set 5 C R'^ is a bounded domain with boundary of class being locally on 
one side of 5* and outer unit normal vector n{x). We assume that dS consists of 
two closed (possibly empty) disjoint subsets Fq and Fi. Moreover the coefficients 
are real and a^j,q^,r G C"([0, T], C(5)), where a G if Fi 7^ and a G (0,1) 

if Fi =0 and the matrix {aij{-, x))ij is symmetric and strictly positive definite 
uniformly in time, i.e. there exists an > such that for all t G [0, T] we have 

d d 

^ ay(t,a:)A,Aj > A^, a;G5,AGM'*. 

i,j = l i=l 

The boundary coefficients are assumed to be real and Vi,vo G C"{[0,T],C^{dS)), 
vq — 1 and Vi = on Tq and there is a constant S > such that for all a: G Fi and 
t G [0, T] we have x)ni{x) > S. Finally we assume that 6„ G C^{S) and 

d 

(4.9) '^v^{t,x)D^bn{x) ^0, t e[0,T],x e dS. 

i=l 

Under these assumptions, for all p G (1, 00) and uq G L'^{^; J^o] LP{S)) there exists 
a unique strong solution U of g^H]) on (0, T] for which AU G C((0, T];LP{S)) almost 
surely. 

If Mo G ^p'^{y}('5') almost surely for some a G (0, 1) (see [311 Section 4.3.3] for 
the definition of this space) then there exists a unique strong solution U of (|4.8p 
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on [0,T] for which almost surely AU £ C{{0,T]- LP{S)) and AU £ i«(0, T; 
for aU 1 < q < cr^^ 

Furthermore, if almost surely we have uq G W'^'P{S) and V{0,x)uq = a; G dS, 
then there exists a unique strong solution U of (|4.8p on [0, T] for which AU G 
C([0,r];iP(5)) almost surely. 

Finally, we notice that Remark 14.71 can be used to obtain time regularity of U 
and AU under conditions on uq. 

Proof. We check the conditions in Theorem [131 with V{A(t)) = {/ £ W^'P^S) : 
V{t, •)/ = on dS}. \i a ^ i(l — i) (which can be assumed without loss of gener- 
ality by replacing ct by a slighly larger value) Da(o)(1 - ct, cx)) = -Sp[^~j^^j(S'), cf. 
[an Theorem 4.3.3]. 

It is shown in [29] that for Aq G M large enough, (ATI) and (AT2) hold for 
A(t) — Ao and C{t) — Ao, with coefficients a and /? = in case Fi ^ and /3 = 
in case Fi = 0. Since the operators -B„ are bounded. Remark 14.61 applies and we 
conclude that (H1)-(H4) hold. 

Let A > Aq be fixed. The only thing that is left to be checked is condition (K) 
for the operators C(t) - A. It follows from ([iJ)) that for all x <£E, BnR{X, C{t))x G 
V{C{t)). For n = 1, 2, . . . , AT and t G [0, T] define 

Kn{t) = (C(t) - \)Bn{Cit) - X)-' - Bn. 

One can check that Kn(t) = [C{t), Bn]R{\,C{t)), where [C{t),Bn] is the commu- 
tator of C{t) and _B„. Since [C(t),i?„] is a first order operator, each Kn{t) is a 
bounded operator. To prove their uniform boundedness in t, we note that from the 
assumptions on the coefficients it follows that there are constants Ci,C2 > such 
that for aU t G [0, T] and j = 1, . . . , d, 

\\R{X,C{t))\\ < Ci and \\D,R{X,C{t))\\ < C^. 

Indeed, the first estimate is obviously true, and the second one follows from the 
Agmon-Douglis-Nirenberg estimates (see [1]). □ 

5. The deterministic problem: Tanabe conditions 

In the theory for operators C{t) with time-independent domains V[C(€f) =: 
X>(C(0)) (cf. [31 Section 5.2], see also [3 [22l [27]), condition (AT2) is often re- 
placed by the following stronger condition, usually called the Tanabe condition, 

(T2) There are constants L > and /i G (0, 1] such that for all t, s G [0, T] we 
have 

\\C(t)C~^{Q) - C(s)C~i(0)|| < L\t - s|^. 

It is shown in [30] that condition (T2) implies that there is a constant L > 0, such 
that for all t, s, r G [0, T] we have 

(5.1) \\C{t)C-\r)-C{s)C-\r)\\<l\t- 

In particular the family {C(s)C~^(i) : s,t G [0,T]} is uniformly bounded. 

It is clear that under (HI) and (113), the operators A(t) satisfy (T2) if and only 
if the operators C(i) satisfy (T2). 

Lemma 5.1. ylsswme (HI), (H3) and that V{A{t)) ^V{A{0)). If {A{t))teio,T] and 
{C{t))te[o.T] satisfy (ATI) and (T2), then (H4) holds. 
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Proof. Since ^(^(O)) C V{B'^J and £ ^(^(O)), there is a constant C„ such that 
\\BnX\\ < C„||y4(0)a;|| for all x G £'(^(0)). It follows from the uniform boundedness 
of {AiO)A-^{t) : t e [0, T]} and that for aU t, s e [0, T] we have 

\\BlA-\t) - BlA-\s)\\ < CMO)A''{t) - AiO)A-\s)\\ 

< CnC\\iAit)A-'it) - Ait)A-'is))\\ 

< CnC\\{A{s)A-\s) - A{t)A-\sm < CnCL\t - s^. 

This shows that t i— > B'^A^^{t) is Holder continuous. In the same way one can 
show that 1 1-^ i3^jC~^(i) is Holder continuous. We conclude that (H4) holds. □ 

It is easy to see that the statement in Proposition 14.31 holds as well with (AT2) 
replaced by (T2) (in the assumption and the assertion). Thus in the case where 
the domains are constant, the more difficult Acquistapace-Terreni theory 

is not needed. 

If the operators . . . , _Bjv are bounded we have the following consequence of 
Theorem 14.41 Note that the assumptions are made on the operators A{t) rather 
than on C{t). 

Proposition 5.2. Let E be a UMD space and V{A{t)) = X'(A(0)). Assume that 
the operators A{t) — A satisfy (ATI) and (T2) for a/Z A 6 M large enough, and let 
-Bi, . . . , Biq G C{E) be bounded commuting operators which leave 'D{A{Q)) invariant. 
Consider the problem 

N 

dU{t)^A{t)U{t)dt + J2BnU{t)dWn{t), te[0,T], 

^^■'^> n=l 

U{0) - uo. 

(1) If Uq G E almost surely, the problem (|5.2p admits a unigue strong solution 
U e C{[0,T];E) on (0,T] for which AU G C{iO,T];E). 

(2) If Uq G I?^(o)(1 — (T, oo) almost surely, then the problem (|3.ip admits a 
unique strong solution U G C{[0,T];E) on [0,T] with AU G C{{0,T];E). 
Moreover AU G LP{0, T; E) for alll<p<a-^. 

(3) If Uq G T){A) almost surely, the problem p.ip admits a unique strong solu- 
tion U G C{[0,T];E) on [0,T] for which AU G C{[0,T];E). 

Proof. We check the conditions of Theorem 14.41 It follows from Remark 14.61 that 
(HI), (H2) and (H3) are satisfied. Lemma [5.11 implies that (H4) is satisfied. 

By the bounded perturbation theorem, for A G M large enough the operators 
C{t) - A = A{t) - \ satisfy (ATI). Hence for A large enough, condition 

(T2) for the operators C(t) — A follows from (T2) for the operators A{t) — A. 

Finally to check (K), by the assumption on the operators Bn we have V{A{Q)) — 
V{C{0)), and by the closed graph theorem we have ||i?na;||-D(c(o)) ^ c„||2;||d((7(o)) 
for some constant c„. This implies that ||C(0)i3„a;|| < c„||C(0)a;||. We check that 
the operators Kn{t) = C{t)BnC~^{t) — _B„ are uniformly bounded. By the remark 
following (|5.1I) . the family {C(0)C^^(t) : t G [0,T]} is uniformly bounded, say by 
some constant k, and therefore 

\\C{t)B,,C-\t)\\ < \\C{t)C-\0)C{Q)Br.C-\0)C{0)C-\t)\\ 
<k^\\C{0)BnC-\0)\\<Cn. 

□ 
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Next we return to the problem discussed at the beginning of the paper. 
Example 5.3. We consider the problem 

Dtu{t, x) = A{t, X, D)U{t, x) + B{x, D)DtW(t), t e [0, T], x e M'^ 
^^'^'^ U{fd,x) = ua{x), x(^W^ 

Here 

d d 

A{t,x,D) = aij{t,x)D,Dj + Yl^i*^^)^i + ^i*^^)' 

= l i=l 

d 

=^6,(x)A + c(x). 

1=1 

All coefficients are real- valued and we take aij, qi, r uniformly bounded in time with 
values in CKW^)). The coefficients aij,qi and r are /x-Holder continuous in time 
for some fi G (Oil]; uniformly in R"*. Furthermore we assume that the matrices 
{aij{t,x))ij are symmetric, and there exists a constant v > such that for all 

t e [0, T] 

^ d 

Y (a^J{t,x) - -b^{x)bJ{x)jX^XJ > xeR'\XeR'^. 

Finally, we assume that bi,c £ C^(]R'*). Under these assumptions it follows from 
Theorem WH that for all p e (l,oo) and uq e L°(fi, Jf'o; LP(M'^)), there exists 
a unique strong solution U of dO]) on (0,r] with paths in C{[0,T]; LP{R'^)) n 
C{{0,T];W'^^P{R'^)). If moreover uq € Bp';l^''\R'^) almost surely, then there exists 
a unique strong solution U of (g^D on [0,T] for which U G C{{0,T];W'^'P{R'')) 
almost surely and AU G £9(0, T; ^^(R'')) for all 1 < g < a-^. If uq € W^^PiW^) 
almost surely, then there exists a unique strong solution U of (|5.3p on [0, T] with 
paths in C"([0,T];LP(M'^))nC([0,r];I^2,p(]gd)) f^^. ^ ^ (q^ i)_ 

In [H], for 74(i) ee A a strong solution on [0, T] with paths in L'^{0, T; W'^^PiW^)) 
almost surely is obtained for initial data satisfying uq E 2^^'') almost surely. In 

[T5] it is assumed that mq G i/p (R"*) and a solution is obtained with paths in 
LP{Q,T]W^^P{W^)) almost surely. 

Proof. Let E = LP{W^), where p G (l,oo). Let V{A{t)) = W'^^p{W^) and A{t)f ) = 
A{t, ■,D)f for aU t G [0,r]. Let V{Bq) = W^-'PiR"^) and BqJ = B{-,D)f, and let 
{B,D{B)) be the closure of {Bq, D{Bo)). Note that by real interpolation we have 

Bp^ir'^R'^) ^Da{1~ a, oo), see [^. 

We check the conditions of Theorem 14.41 We begin with the Hypotheses (Hl)- 
(H3). That (HI) holds is clear, and (H2) follows as in Example C.III.4.12]. 
Finally (H3) follows from V{A{t)) C V{B^). 

The operators A{t) — X and C{t) — X satisfy condition (ATI) for all A G K large 
enough (cf. [22l Section 3.1]). Furthermore it can be checked that A{t) ~ X and 
C{t) - X satisfy (T2). Now Condition (H4) follows from (|5T|) . 

To check (K) for the operators C{t)-X, put K{t) = [C{t),B]R{X, C{t)). Since the 
third order derivatives in the commutator [C{t),B] cancel and aij{t), qi{t),r{t) G 
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C^iR"^) and bi,c S C^^(K''), the operators K{t) are bounded for each t £ [0,T]. 
Moreover, 

K{t) = [C(t),S]i?(A,C(i)) = [C{t)-\,B]R{X,C{t)) ^ {C{t)-\)B{C{t)-\)-^ +B 

on W^'P{W^), and this identity extends to ViB) (see [H Proposition A.l]). To check 
that K is uniformly bounded, note that by the uniform boundedness of the family 
(A — C(0))i?(A, C{t)) it suffices to check that there is a constant C such that for all 

t e [0,T] and / e W^'PiR"^), 

\\[C{t),B]f\\<C\\f\\w2^,^S.y 

But this follows from the assumptions aij,qi,r G C°°{[0,T];Cl{R'^)) and bi,c E 
CUM."). 

Finally, we show that if uq G W'^'P{M.'^) almost surely, then U has paths in 
C"([0,T];LP(R'')) for all a G (0, i). One can check that for all x G D{A{0)), 
G{t)x is continuously differentiable and there are constants Ci, C2 such that for all 
X G D{A{0)) and s,t G [0,r], 

\\Git)x - G{s)x\\ <Ci\t~ s\\\x\\viAm < C2\t - s|||x||p(c„.(o)). 

On the other hand it follows from Theorem l4.1l that p.2p has a unique strict solution 
V. It follows that there exist maps M, Ma : ^ M. such that all for s, t G [0, T] 

\\U{t) - V{s)\\ < \\Gwit)V{t) - Gwis)Vi.s)\\ 

< \\Gw{t)V{t) ~ Gwit)V{s)\\ + \\Gwit)V{s) - Gw{s)V{s)\\ 

< M\\V{t) - V{s)\\ + Mjt - sr||ns)lb(Cw(o))- 

The first term can be estimated because V is continuously differentiable. We already 
observed that (Cvv(s) — Ai)se[o,T] satisfies (T2) for [i large. In particular (Cm/(0) — 
^i){Cw{s) — /i)^^ is uniformly bounded in s G [0,T]. Since s ^ Gw{sW {&) and 
V are uniformly bounded, we conclude that ||V^(s)||x)(Cw(o)) is uniformly bounded. 
The result follows from this. □ 

6. Wong-Zakai approximations 

As has been shown in lOj for a related class of problems in a Hilbert space setting, 
the techniques of this paper can be used to prove Wong-Zakai type approximation 
results for the problem (|1.2p . 

dU{t) = A{t)U{t)dt + BU{t)dW{t), t G [0,T], 

U{Q) = UQ. 

and possible generalizations for time-dependent operators B{t). We shall briefly 
sketch the main idea and defer the details to a forthcoming publication. 

Let be adapted processes with trajectories such that almost surely, 

lim„^oo Wn — W uniformly on [0, T] and consider the problem 

dUn{t) = {A{t) - lB^)Un{t)dt + BUnit)dWnit), t G [0,r], 

(6.1) 2 

U{0) = uo. 

This equation may be solved path by path as follows. Under the assumptions made 
in Section [3] and using the notations introduced there, define 

Gw„ {t, ij) G-\Wn{t, u;))C{t)G{Wr.{t, lj)) 
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and consider the pathwise deterministic problem 

^ ■ ' Vn{0)=Uo. 

Arguing as in the proof of Theorem 13.11 [/„ ■— G{Wn)Vn is a strong sohition of 
(|6.ip if and only if Vn is a strong solution of (|6.2p . the difference being that instead 
of the Ito formula the ordinary chain rule is applied; this accounts for the loss of a 
factor iS^. 

In analogy to [lOi Theorems 1 and 2] , under suitable conditions on the operators 
A{t) and B such as given in Sections [3] and [5] it can be shows that lim„^oo Vn = V 
almost surely, where V is the strong solution of (|3.2p and the almost sure conver- 
gence takes place in the functional space to which the trajectories of V belong. It 
follows that lim„^oo Un = U almost surely, where U is the strong solution of (|1.2p 
and again the almost sure convergence takes place in the functional space to which 
the trajectories of U belong. 
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